In this paper, we show that in order for third-degree price discrimination to increase total output, the demands of the strong markets should be, as conjectured by Robinson (1933) , more concave than the demands of the weak markets. By making the distinction between adjusted concavity of the inverse demand and adjusted concavity of the direct demand, we are able to state necessary conditions and su¢ cient conditions for third-degree price discrimination to increase total output.
Introduction
A move from uniform pricing to third-degree price discrimination generates two e¤ects: …rst, price discrimination causes a misallocation of goods from high to low value users (in other words, price discrimination is an ine¢ -cient way of distributing output between di¤erent consumers) and, second, price discrimination a¤ects total output.
1 Therefore, a necessary condition for third-degree price discrimination to increase social welfare is that it increases total output.
2 As a result, a focal point has been the analysis of the e¤ects of price discrimination on output. Since Robinson (1933) many articles have addressed this issue, including Leontief (1940) , Edwards (1950) , Silberberg (1970) , Löfgren (1977) , Ippolito (1980) , Smith and Formby (1981) , Formby, Layson and Smith (1983) , Schmalensee (1981) , Shih, Mai and Liu (1988) , Cheung and Wang (1994) , Aguirre (2006) , Cowan (2007) , and Cowan and Vickers (2007) , among others. 3 The e¤ect of third-degree price discrimination on total output is intrinsically related to how the shape of demands in strong markets (markets where the optimal discriminatory price exceeds the optimal single price) compares to that in weak markets (where the optimal discriminatory prices are lower than the single price). It is known from Pigou (1920) that under linear demands price discrimination does not change output. In the general non-linear case, however, the e¤ect of price discrimination on output may be either positive or negative. It is well known (see, for example, Robinson, 1933 , Silberberg, 1970 , or Schmalensee, 1981 ) that when all the strong markets have concave demands whereas the weak markets have convex demands (with at least one market with strict concavity or convexity) then third-degree price discrimination increases output. When strong markets have convex demands and weak markets concave demands price discrimination reduces output. In the case in which all the demand curves have similar curvature the answer is more complicated. We complete partially the theorem by Robinson (1933) and show that she was almost right when stated that "If both (curves) are (strictly) concave or both (strictly) convex it is obvious that the result (the e¤ect on output) must depend upon whether or not the more elastic demand curve is, in some sense, "more concave" than the less elastic demand curve (p. 193) ." 4 In particular we show that in order for third-degree price discrimination to increase total output the demand in the strong markets should be in some sense more concave than the demand in the weak markets. By making the distinction between adjusted concavity of the inverse demand (the measure used by Robinson, 1933) and adjusted concavity of the direct demand, we are able to state necessary conditions and su¢ cient conditions for thirddegree price discrimination to increase total output. A su¢ cient condition for third-degree price discrimination to increase total output is that all curves, demands and inverse demands, are more concave in strong markets. On the other hand, we show that if demands and inverse demands are less (or equally) concave in the strong markets than in the weak markets then thirddegree price discrimination does not increase total output.
The paper is organized as follows. Section 2 introduces di¤erent measures of adjusted concavity of demands and inverse demands and shows how they are related to each other. In Section 3, we study the e¤ects of third-degree price discrimination on total output and we state necessary conditions and su¢ cient conditions for price discrimination to increase output. In Section 4, we arrange previous results in the literature. Finally, Section 5 o¤ers concluding remarks.
Direct demands, inverse demands and concavity
Economists typically use the terms demand and inverse demand interchangeably. Although this practice is generally irrelevant, when we study di¤erent markets the comparison of their degree of concavity may depend crucially on whether we consider demands or inverse of demands. Assume that the demand function in market i = 1; :::; n is given by
, where p i is the price charged in that market and the inverse demand function is p i (q i ), with p 0 i (q i ) < 0, where q i is the quantity sold. We assume that all curves (demands and inverse demands) are everywhere continuous and di¤erentiable. The elasticity of demand of market i is given by
as a function of the price or, equivalently,
as a function of the quantity. We distinguish between the concavity of the direct demand and the concavity of the inverse demand. The (adjusted) concavity
, and the (adjusted) concavity of the inverse demand in market i, C
. From Robinson (1933) the term C I i (q i ) has been referred to, indistinctly, as adjusted concavity of the demand or adjusted concavity of the inverse demand. However, if we accept that p i (q i ) represents the inverse demand and D i (p i ) the demand function, it seems more reasonable that the concavity of the inverse demand be measured by C I i (:) and the concavity of the demand by C D i (:). In fact, as we show in the next section, this distinction will be important when we study the e¤ects of third-degree price discrimination on output. The next lemma states the relation between these measures of demand concavity.
Proof. By twice di¤erentiating the identities p i p i (D i (p i )) and q i D i (p i (q i )) with respect to p i and q i , respectively, we obtain:
Therefore, taking into account the de…nition of the elasticity of demand in market i, it is direct to obtain
Note that the two measures, C D i and C I i , have the same sign: if demand is strictly concave/strictly convex/linear then inverse demand is strictly concave/strictly convex/linear and viceversa. We assume that any demand (or inverse demand) curve which is strictly concave (or linear or strictly convex) remains so throughout the relevant range. On the other hand, we assume that the curves of all the strong (weak) markets have the same general curvature. Put di¤erently, the case where some strong (weak) markets have strictly concave demands and some strong (weak) markets have strictly convex demand is ruled out.
Analysis
Consider a monopolist selling a good in n perfectly separated markets. The demand function in market i is given by D i (p i ), where p i is the price charged in that market and the inverse demand function is p i (q i ), where q i is the quantity sold. Unit cost, c, is assumed constant. We shall obtain the change in total output due to third-degree price discrimination by solving …rstly the problem in prices and then the problem in quantities.
Under price discrimination, the optimal policy for the monopolist is given by:
where p d i denotes the optimal price in market i (and pro…t functions are assumed strictly concave in the relevant range). The quantity sold in market i is q Cowan (2007) and Cowan and Vickers (2007) .
Given …rst order conditions (1), total output can be expressed as:
Under simple monopoly pricing, pro…ts are maximized by charging all consumers a common price p 0 such that:
The quantity sold in market i is q
. Given …rst order condition (3), total output can be expressed as:
Given conditions (2) and (4) the change in total output, Q = Q d Q 0 , is given by:
We can write condition (5) as:
Therefore, we get:
where
is the elasticity of demand of market i, and
is the adjusted concavity of the inverse demand in market i . Given that the adjusted concavity of the direct demand,
, may be written as
we can express the change in total output as:
On the other hand, under price discrimination, the optimal policy for the monopolist consists in …xing an output for market i such that:
where q d i denotes the optimal output in market i (and pro…t functions are assumed strictly concave in the relevant range). The total output under price discrimination is
and, given …rst order conditions (9), can be expressed as:
Under simple monopoly pricing, pro…ts are maximized by charging all consumers a common price p 0 . The total output under uniform pricing,
, can be expressed as:
We follow closely the analysis by Cheung and Wang (1994) . Given conditions (10) and (11), the change in total output is given by:
We can rewrite (12) as:
Therefore, the change in total output can be expressed as:
is the Lerner index of market i,
is the adjusted concavity of the inverse demand in market i. Given that the adjusted concavity
Although we conjecture that the results are more general, following Cheung and Wang (1994) we restrict our analysis to say that demands in strong markets are more (less) concave than demands in weak markets if the minimum (maximum) value of demand adjusted concavity over the range of output levels between the simple monopoly and discriminatory outputs in each of the strong markets is greater (lower) than the maximum (minimum) value of demand adjusted concavity over the corresponding ranges of output in all of the weak markets. In a similar way, we may de…ne when the inverse demands are more or less concave in strong markets as compared to weak markets. We de…ne these maximum and minimum values of adjusted concavity as:
where S denotes the set of strong markets which collects the markets where the optimal discriminatory price exceeds the optimal single price, S = fi=p d i > p 0 g, and W denotes the set of weak markets which collects the markets where the optimal discriminatory price are lower than the single price, W = fi=p The following theorem partially completes the analysis of the e¤ects of third-degree price discrimination on total output seventy …ve years after the pioneering work by Robinson (1933) . Theorem 1. E¤ects of third-degree price discrimination on total output (i) If both direct demand curves and inverse demand curves are more concave in strong markets than in weak markets, then third-degree price discrimination increases total output.
(ii) If direct demand curves and inverse demand curves are less (or equally) concave in strong markets than in weak markets, then third-degree price discrimination does not increase total output.
Proof. We start with part (ii). We have assumed that any demand curve which is strictly concave (or linear or strictly convex) remains so throughout the relevant range. We now show that total output does not increase in the cases in which both direct demand and inverse demand curves are less (or equally) concave in strong markets than in weak markets: a) If demands and inverse demands are all linear, it is straightforward from (7) or (8), and from (14) or (15), that output remains unchanged, Q = 0. b) If demand curves are convex (strictly convex) in all strong markets and strictly concave (concave) in all weak markets, then it is straightforward from (7) and (8), or from (14) and (15), than output decreases, Q < 0.
c) All demands are strictly concave. We follow the analysis by Cheung and Wang (1994) . It is easy to check by following a pro…t maximization argument that
Given that all curves are strictly concave condition (14) implies:
If the minimum value of the inverse demand adjusted concavity in each of the weak markets, C I w , is greater than or equal to the maximum value of the inverse demand adjusted concavity in all of the strong markets, C I s , then:
Therefore, Q < 0 (notice that C I s > 0). Given that the elasticity of demand is greater in weak markets than in strong markets, then the minimum value of the demand adjusted concavity in each of the weak markets, C D w , is greater than or equal to the maximum value of the demand adjusted concavity in all of the strong markets, C D s . d) All demands are strictly convex. Condition (15) may be written as:
If the minimum value of the demand adjusted concavity in each of the weak markets, C D w , is greater than or equal to the maximum value of the demand adjusted concavity in all of the strong markets, C D s , then:
On the other hand, given that L i (q i ) is decreasing in q i , Cheung and Wang, 1994) . Therefore, we obtain:
Therefore, Q < 0 (notice that, from second order conditions, [ C We next show that Q > 0 in all cases where direct demand and inverse demand curves are more concave in strong than in weak markets, that is part (i): e) If demand curves are concave (strictly concave) in all strong markets and strictly convex (convex) in all weak markets, then it is straightforward from (7) and (8), or from (14) and (15), than output increases, Q > 0. f) All demands are strictly concave. If the minimum value of the demand adjusted concavity in each of the strong markets, C D s , is greater than or equal to the maximum value of the demand adjusted concavity in all of the weak markets, C D w , then, from condition (15), we have:
On the other hand, given that Cheung and Wang, 1994) . Therefore, we obtain:
Therefore, Q > 0. Note that given that the elasticity of demand is greater in weak markets than in strong markets, when C D s > C D w > 0 then the minimum value of the inverse demand adjusted concavity in each of the strong markets, C I s , is greater than or equal to the maximum value of the inverse demand adjusted concavity in all of the weak markets, C I w . g) All demands are strictly convex. The proof in this case is based on Cheung and Wang (1994) . Given that all curves are strictly convex and that
If the minimum value of the inverse demand adjusted concavity in each of the strong markets, C I s , is greater than or equal to the maximum value of the inverse demand adjusted concavity in all of the weak markets, C I w , then we have:
From second order conditions, 0 > C I s > 2 and therefore Q > 0. Given that the elasticity of demand is greater in weak markets than in strong markets, then the minimum value of the demand adjusted concavity in each of the strong markets, C D s , is greater than or equal to the maximum value of the demand adjusted concavity in all of the weak markets, C D w .
Note that Theorem 1 a su¢ cient condition for third-degree price discrimination to increase total output: if both types of curves, demands and inverse demands, are more concave in the strong markets then price discrimination increases total output. When both types of curves are less (or equally) concave in strong markets than in weak markets then price discrimination reduces (maintains constant) total output. Given Theorem 1 we may conjecture that a necessary condition for third-degree price discrimination to increase total output is that at least one family of curves, direct or inverse demands, are more concave in strong markets than in weak markets. However, given our concavity comparison criterion we only state that a necessary condition for price discrimination to increase total output is that both types of curves cannot be less concave in strong markets than in weak markets. The next corollary states necessary conditions and su¢ cient conditions when all demand curves are strictly concave or strictly convex.
Corollary 1.
(i) When all markets have strictly concave demands a su¢ cient (necessary) condition for third-degree price discrimination to increase total output is that the demands (inverse demands) of the strong markets are more (not less) concave than the demands (inverse demands) of the weak markets.
(ii) When all markets have strictly convex demands a necessary (su¢ -cient) condition for third-degree price discrimination to increase total output is that the demands (inverse demands) of the strong markets are not less (more) concave than the demands (inverse demands) of the weak markets. 
given that by de…nition strong markets have lower elasticities than weak markets. Therefore, both demands and inverse demands are more concave in strong markets than in weak markets and Theorem 1 implies that a su¢ cient condition for third-degree price discrimination to increase total output is satis…ed.
(ii) Assume, on the contrary, that C 
and, therefore, Theorem 1 implies that price discrimination reduces output.
Related literature
According to the above analysis we can arrange previous results in the literature as follows: a) Linear demands When direct demands and, therefore, inverse demands are all linear, it is well known at least from Pigou (1920) that total output is the same under both pricing regimes, price discrimination and uniform pricing (of course, when all markets are served under both pricing policies). Note that we might apply the second part in the theorem to obtain the result: under linear demands the su¢ cient condition for third-degree price discrimination not to increase output is satis…ed. b) Strong markets with strictly concave (concave) demands and weak markets with convex (strictly convex) demands
In this case, third-degree price discrimination increases output (see, for example, Robinson, 1933 , Edwards, 1950 , Silberberg, 1970 , Schmalensee, 1981 , Shih et al., 1988 , among others, or more recently Cowan and Vickers, 2007) . Note that in this case the su¢ cient condition for third-degree price discrimination to increase total output is satis…ed: both direct demands and inverse demands are more concave in strong markets than in weak markets. c) Strong markets with strictly convex (convex) demands and weak markets with concave (strictly concave) demands Third-degree price discrimination decreases output (see, for example, Robinson, 1933 , Edwards , 1950 , Silberberg, 1970 , Schmalensee, 1981 , Shih et al., 1988 , or Cowan and Vickers, 2007 because, from Theorem 1, when direct demands and inverse demands are less concave in strong markets than in weak markets then output decreases.
Note that in the three above cases the comparison of concavity (the ranking) between strong and weak markets is similar when we use direct demands or inverse demands. Direct demands and inverse demands are equally concave in strong and weak markets in case a), more concave in strong markets than in weak markets for the case b) and more concave in weak markets than in strong markets for the case c). However, when all demand curves (and inverse demand curves) are strictly concave or strictly convex, it is possible that the demand curves are more concave in the strong markets while the inverse demand curves are more concave in weak markets and viceversa. d) Constant elasticity demands One of the more popular demand families, constant elasticity demands, has proven particularly resistant to analysis in that neither the "adjusted concavity" criterion (Robinson,1933, Cheung and Wang, 1994) nor the "slope ratio" criterion (Edwards, 1950) , nor the "mean-value theorem" criterion (Shieh et al., 1988) , among others, serve to explain the direction of the output e¤ect. However, it is now well known that price discrimination increases output under this kind of demands. Greenhut and Ohta (1976) show through a numerical example that price discrimination may increase output with constant elasticity demands. Their note constitutes a counterexample to the "adjusted concavity criterion" as proposed by Robinson (1933) which would state that price discrimination reduces output under constant elasticity demands given that inverse demands are more concave in weak markets. Recently, Cheung and Wang (1994) reformulate this criterion and show how it is not applicable to this type of market demands. Ippolito (1980) , in an excellent but rarely cited paper, uses simulations and obtains the result that total output increases under third-degree price discrimination in the two-market case. Formby et al. (1983) using Lagrangean techniques show that monopolistic price discrimination increases total output over a wide range of constant elasticities. Recently, Aguirre (2006) provides a more general and simpler proof by using the Bernoulli inequality. Finally, Cowan and Vickers (2007) propose an easier and more intuitive proof.
Is it possible by using Theorem 1 to explain what is happening with constant elasticity demands? We next check how with constant elasticity demands the necessary condition is satis…ed but not the su¢ cient condition for third-degree price discrimination to increase total output. Assume that the demand function in market i is given by 
Given two arbitrary markets i and j, if " i > " j then it is satis…ed that
. Therefore, when the criterion of concavity uses inverse demands the ranking of markets is just the opposite to that when the criterion uses direct demands. In other words, the demand of strong markets is more concave than the demand of the weak markets and the inverse of demand of strong markets is less concave than the inverse of demand of weak markets: note that C That is, according to Theorem 1, the necessary condition is satis…ed but not the su¢ cient condition for third-degree price discrimination to increase output. e) Constant adjusted concavity demand curves Shieh et al. (1988) propose the following class of constant adjusted concavity (inverse) demand curves:
(i = 1; :::; n; a i ; b i > 0;
= A is Robinson's adjusted concavity. Shieh et al. (1988) show that when A > 0 (that is, strictly concave inverse demands) price discrimination reduces output and when 1 < A < 0 (that is, strictly convex inverse demands) price discrimination increases output. Note that the elasticity of demand and the index of concavity of the direct demand are, respectively:
or as a function of prices:
Given two arbitrary markets i and j, if f) A¢ ne transformations and strictly concave transformations of demand Cowan (2007) analyzes the welfare e¤ects of third-degree price discrimination when demand in one market is a shifted version of demand in the other market. In particular, assume that there are only two markets and the demand in the strong market is an a¢ ne transformation of the demand in the weak market: D s (p) = + D w (p) with 0 and > 0. It is straightforward to check that the adjusted concavities are given by:
It is easy to …nd examples with strictly convex demands where C On the other hand, when the demand of the strong market is a strictly concave transformation of the demand of the weak market, D s (p) = (D w (p)); 0 > 0 and 00 < 0, it is easy to …nd examples where output increases. For example, under iso-elastic demands the demand of the strong market may be written as a concave transformation of the demand of the weak market:
0 > 0 and 00 < 0, and we know that with constant elasticity demands output increases.
Note that in the case of two markets if both the demand and the inverse demand in the strong market were strictly concave transformations, respectively, of the demand and the inverse demand in the weak market then the su¢ cient condition (from Theorem 1) for third-degree price discrimination to increase output would be satis…ed. g) Constant inverse demand curvature Cowan and Vickers (2007) propose the following class of constant adjusted concavity (inverse) demand curves: :
Note that the elasticity of demand and the index of concavity of the direct demand are, respectively:
Note that this family of demands perfectly illustrates Theorem 1. When demands are strictly concave, given two arbitrary markets i and j, if 
Concluding remarks
The analysis of the e¤ects of third-degree price discrimination on total output (and, therefore, on social welfare) has been the focus of much theoretical research at least from the pioneering work by Robinson (1933) . In this paper, we show that in order for third-degree price discrimination to increase total output the demands of the strong markets should be, as conjectured by Robinson (1933) , in some sense more concave than the demands of the weak markets. By making the distinction between adjusted concavity of the inverse demand and adjusted concavity of the direct demand we are able to state necessary conditions and su¢ cient conditions for third-degree price discrimination to increase total output. The results obtained are rather general and they seem robust to other cost structure (increasing marginal cost) or to more general comparisons of concavity.
Independently, Cowan (2008) has recently obtained su¢ cient conditions for third-degree price discrimination to increase or to reduce social welfare, being also crucial the relative concavity of the demand and the inverse demand of the strong markets in comparison with the weak markets. His results on welfare nicely complement our results concerning the output e¤ect. For example, in his Proposition 2 welfare increases if the inverse demand function in the weak market is more convex at the discriminatory price than the inverse demand in the strong market and the discriminatory prices are close. But then both the direct demand and the inverse demand would be more convex in the weak market than in the strong market (the su¢ cient condition, in theorem 1, for third-degree price discrimination to increase total output). Therefore, given that the output increases, the social welfare will increase if the price di¤erence is small enough that the output e¤ect dominates the misallocation e¤ect.
